Chuwong 4
CAY

Trong chwong nay chung ta sé nghién ctru mé hinh div liéu cay (tree). Cay la mot
cau tric phan cép trén mét tap hop nao dé cac doi tugng. Mot vi du quen thudc vé cay,
do la cay thu muc hoac muc luc ctia cudn sach cling | amot cay. Cay dwoc st dung rong
réi trong rét nhiéu van dé khac nhau. Chéng han n6 d woc ap dung dé t6 chirc thong tin
trong c&c hé co s¢ dir liéu, dé mo ta cdu trdc cl phap cla cac ch wong trinh nguon khi
x&y dung cac chwong trinh dich. Rat nhiéu bai toan mata gap trong cac linh vyc khac
nhau duoc quy Ve viéc thuc hién cac phép toan tr én cay. Trong chwong nay ching ta sé
trinh bay dinh nghia, cac khai niém co ban vé cay. Chang ta cling sé xét cac phwong
phép cai dat cay va thyc hién cac phép todn co ban trén cdy. Sau do ta nghién cu k¥

mot s6 dang cay dic biét do |acy nhi phan tim kiém va cay can bang.
1. CAY VA CAC KHAI NIEM LIEN QUAN
1.1. Binh nghia cay

Dinh nghia: Mét cay latap hop hitu han cac nat trong d6 c6 mot nat dac biét goi

lagoc (root). Gilta cac nat cd6 mdi quan hé phan cip goi la"quan hé cha con".

Binh nghia 2: Cay dwgc dinh nghia dé qui nhu sau

- M0t nat lamot cay vanut nay cling lagoc clia cay.

-Giastt T4, Ty, ...,To (n > 1) lacéc cy co goc tuong &ng rq, ro,..., I, Khi do cay
T voi gbc r dwoc hinh thanh bang cach cho r tré thanh nit cha clia cac nat rq, ry,..., Iy
1.2. M6t s6 khai niém co ban

- Bac cila mot nut: lasd con ctia nat do

- Bac cia mot cay: labac I6n nhat clia cac nit cé trén cay do (s6 cay con toi dua

ctia mot nat thudc cay). Cay co6 bac n thi goi lacay n - phan
- Nt g6éc: landt cd khoéng cé ndt cha
- NUt 1&: 1anut c6 bac bang 0

- NGt nhanh: lanut c6 bac khac 0 vakhdng phai la ndt géc



- Mtc ctia mot nut

Mrc (goc (T)) =1

Goi Ty, T»,...,, Ty lacéac céy con cla Ty,
Khi d6 M@rc (T1) = Mc (T2) = ... = Mtc (Tn) = Mirc (TO) +1
- Chiéu cao cua cay: lasd muc 16n nhat co trén cay do

- Buong di: Day cac dinh nl, n2, ...,nk dwgc goi la dwdng di néu ni lachacula ni+1

(1<i<k-1
- B0 dai clia duwong di: 1asd nat trén duong di -1

- Cay duoc sdp thir tv: Trong mot cay, néu cac cay con clia moi dinh d wvoc sép
theo mot thi nhét dinh, thi cay duoc goi 1a cay duoc sap (cay co thir tw). Chang han,

hinh minh hoa hai cay dwoc sap khac nhau
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Hinh 4.1. Hai cay dwoc sap khac nhau
- Rirng: latap hop hitu han céac cay phan biét
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2. CAY NHI PHAN
2.1. Binh nghia

Cay nhi phan la cdy mamdi nit cé t6i dua hai cay con. D 6i voi cay con clia mot
nat nguoi ta cling phan biét cdy con trai vacéy con phai.

Nhuw vay cay nhi phan lacay co thi tu.
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Hinh 4.3. M 6t s6 cay nhi phan
2.2. Tinh chat
Dai vai cay nhi phan can chd y téi mot s6 tinh chét sau
1. S8 lweng t6i dua cac ndt cd & mic i trén cdy nhi phan 1a2' (i > 1)
2. S6 lvong nat t6i dua trén mot cay nhi phan cé chigu cao h 1a2™1(h>1)
Chirng minh
+ Tinh chéat 1 sé& duoc chiing minh bang qui nap

Buudc co s: v6i i=1, cay nhi phan cé t6i dwa 1=2° n(t. Vay ménh dé ding voi
i=1

Buwdc qui nap: Gia st két qua dang voi muc i, nghia la & mic nay cay nhi phan
co t6i dwa 2" ndt, tachirng minh ménh dé dang véi mic i + 1.

Theo dinh nghfa cay nhi phan thi tai mdi nat c6 t6i dua hai cay con nén moi nit &

mic i 6 t6i dwa hai con. Do d6 theo gia thiét qui nap ta suy ra tai méc i+ 1 ta cé
2"x2=2"nit.
+ Tinh chat 2 dwgc chirng minh nhu sau:

Ta d& biét rang chiéu cao clia cay lasd mic 16n nhét cé trén cay do. Theo i) ta suy
rasd nit toi dwa co trén cdy nhi phan véi chiéu cao h la:

20+ 2t+ L+ 2M=2"1
Tl két qua nay co thé suy ra:

Néu cay nhi phan cé n nit thi chigu cao ctia no lah =[logy(n + 1) |



(Ta qui wwéc : [x|1asd nguyén trén cia x
| x] 1asd nguyén duéi clia x )
2.3. Biéu dién cay nhi phan
2.3.1. Lwu triy ke tiép

Phuong phép tw nhién nhat dé biéu dién cay nhi phan 1a chi ra dinh con trai va

dinh con phai ctia moi dinh.

Ta co thé st dung mot mang dé lwu trir cac dinh clia cay nhi phan. M6i dinh cla

cay duoc biéu dién bdi ban ghi gbm ba truong:
INFOR: mo ta théng tin gan véi moi dinh
LEFT : chi dinh con tréi
RIGHT: chi dinh con phai.

Gia str cac dinh clia cay duoc dwgc danh so tir 1 dén max. Khi do cau trac di liéu

biéu dién cay nhi phan dugc khai bao nhu sau:
#define max 100. ; {s0 tht tv 16n nhat clia nat trén cay}
Struct Node
Item infor;
Int letf;

Int right;

}
Node Treg[ max];
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Hinh 4.4. M 6t cay nhi phén




Hinh 4.5 minh hoa cdu triic dir liéu biéu dién cay nhi phan trong hinh 4.4

infor left right
1 A 2 3
2 B 4 5
3 C 6 7
4 D 0 8
5 E 9 10
6 F 0 0
7 G 11 9
8 H 0 0
9 I 0 0
10 J 0 0
11 K 0 0

Hinh 4.5. C4u truc di liéu biéu dién cay

Néu c6 mdt cay nhi phan hoan chinh day du, ta c6 thé dé dang danh sé cho céc nut
trén cay do theo thi tw lan lwgt tr mic 1 trd 1én, hét mikc nay dén mirc khac vatir trai

qua phai déi vai cac nit & mbi mc. Vi du véi hinh 4.6 cd thé danh s6 nhu sau:

L(®)
2(B) \3@)
4@/ 5(E) 6@{\7@

Hinh 4.6. Cay nh i phan dwgc danh sé
Ta cd nhan xét sau: con cla nit th¢ i 1a cac ndt thtr 2i va 2i + 1 hodc cha cla nit
thir j lalj/2].
Nhu vay, ta co thé lvu tri cy nay bang mot vecto V, theo nguyén tac: nat thi i

clia cay duoc lvu trir & V[i]. D6 chinh la cach lvu trit ké ti€p d6i voi cdy nhi phan. Voi



cach luu trir nay néu biét duoc dia chi cla nit con sé tinh duwoc dia chi nat cha va

nguaoc lai.

Vi cay day dd néu trén thi hinh anh luvu trit sé nhu sau

A B C D E F G

V[1] | v[2] | v[3] | v[4] | V9] | v[6] | V[7]

Nhan xét:

Néu cay nhi phan khéng day da thi cach lwu trir nay khong thich hop vi s gay ra
|ang phi bd nhé do c6 nhiéu phan tr bo tréng ((ng véi cay con rong). Ta h dy xét cay
nhu hinh 4.7. D€ lvu trir cdy nay ta phai dung mang gom 31 phan t& machi c6 5 phan

tlr khac rong, hinh anh luu trir mién nhé clia cay nay nhu sau
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Hinh 4.7. Cay nhi phan dac biét

Blg|Clg|lo|lo|Dioglo|log|log|lo|o|o|Elo

(D: chi cho tréng)

NEu cay nhi phan luén bién dong nghta | a c6 phép bo sung, loai bd cac nit thuwong
xuyén tac dong thi cach lvu trir nay gdp phai mot s nhwoc diém nhw ton thoi gian khi
phai thuc hién cac thao tac nay, do cao clia cay phu thudc vao kich thuwéc ctia mang, ...
2.3.2. Lwu trir méc ndi

Cach luvu trir ndy khéc phuc duoc nhitng nhuoc diém clia cach lwu trir ké tiép dong
thoi phan &nh dugc dang ty nhién cla cay.

Trong céch luu trir mdc néi, méi ndt twong (’ng v&i mot phan ti nhé ¢6 qui cach

nhu sau:

L etf Info Right




- Trwong info (ng v&i théng tin (di liéu) cua nat

- Trwong left (ng vaGi con trd, trd tdi cdy con tréi cta nat do

- Trwong right tng vai con trd, trd toi cdy con phai cta nat do
Taco thé khai bao nhu sau:

typedef Struct Node
{

Int info;
Struct Node * left, * right;
Hree;
tree *Cay,
Vi du: cay nhi phan hinh 4.8 c6 dang lvu tri* méc néi nhw & hinh 4.9

Hinh 4.9. C4u trac dit liéu biéu dién cay

DE truy nhap vao céc nlit trén cy can c6 mot con trd Root, trd téi nat goc cla cay.
2.4. Phép duyét cay nhi phan

Phép x&r ly cac nat trén cdy - mata goi chung la phép tham cac nat mét cach hé
théng, sao cho moi nat dwoc tham diung mot 1an, goi 1a phép duyét cay. Ching ta
thuwong duyét cay nhi phan theo moét trong ba thir tw: duyét tr vwdc, duyét gitra va duyét

sau, cac phép duyét nay duoc dinh nghia dé qui nhuw sau:
2.4.1. Duyét theo thir tu truwéc (preorder traversal)

- Tham g6c

- Duyét caycon trai theo thi tu truvuwéc

- Duyét cay con phai theo thu tv truwdc



2.4.2. Duyét theo thr tv gitra (inorder traversal)
- Duyét caycon trai theo thi tu gilra
- Tham g6c
- Duyét cay con phai theo thi tv gilra
2.4.3. Duyét theo th(r tw sau (postorder traversal)
- Duyét caycon trai theo thi sau
- Duyét cay con phai theo thi tu sau
- Tham g6c

Tuwong (’ng V@i ba phép duyét ta c6 ba thi tuc duyét cay nhi phan. Sau day | atha

tuc dé qui duyét cay theo tht tw tr vwdc

Void Preorder ( Tree*root);

{
if (root!= NULL)
{
printf(*“\n”",root->info);
Preorder (root->|eft);
Preorder(root->right);
}
}

MOt cach tuong tu, ta co thé viét duoc cac th tuc dé qui di qua cay theo thi tu

gilra vatheo tht ty sau.

Hinh 4.10 @{ %D



Véi cay nhi phan hinh 4.10, day cac ndt dwgc tham trong cac phép duyét | a:
1. Duyét theo th tw truewdce
ABDGHECFIG
2. Duyét theo thir gilra
GDHBEAFICG
3. Duyét theo thi tw sau
GHDEBIFGCA
2.5. Cay nhj phan biéu dién biéu thirc
Cay biéu thirc la cdy nhi phan mandt goc va cac nit nhanh chira cac toan tir (phép
toan) con cac nut 1athi chira cac toan hang.
2.5.1. Céch dung cay biéu thirc

Dai vai phép toan hai ngdi (chang han +, -, *, /) duoc biéu dién bdi cay nhi phan
ma gbc clia n6 chira toan tl, cay con trai biéu dién toan hang b én tréi, con cay con bén

phai biéu dién toan hang bén phai
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Hinh 4.11. Biéu dién phép toan hai ngoi
Doi véi phép toan mot ngbi nhu “"phd dinh™ hoac "ldy gia tri d6i", hodc cac ham
chuén nhu exp() hoéc cos()... thi cly con bén tréi rong. Con véi cac phép toan mot toan

hang nhu phép "ldy dao ham" ()' hodc ham "giai thira" ()! thi cdy con bén phai rong.
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exp(x)
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Hinh 4.12. M 6t s0 cay biéu thirc
Nhan xét

Néu ta duyét cay biéu thirc theo thir tw tr vwdce thi ta duoc biéu thirc Balan dang
tién t0 (prefix). Néu duyét cay nhi phan theo thit tw sau thi ta cd biéu thirc Balan dang
hau to (postfix); con theo thiv gitra thi ta nhan dugc cach viét thdng thuong cla biéu

thirc (dang trung t0).
25.2. Vidu
DE minh cho nhan xét nay taldy vi du sau:
Cho biéu thirc P = a*(b - ¢) + d/e
1. Hay duwng cay biéu thirc biéu dién biéu thic trén

2. DBua ra biéu thirc & dang tién t6 vahau to

Giai ‘
1. Tacd TH1=a*(b-c) suy racdy biéu thirc c6 dang

TH2 = dle } @

Xét TH1 = a*(b - ¢), toan hangchua ¢ dang co ban ta phai phan tich dé dwoc nhu & (1)
TH3=a } cay biéu thirc clia toan hang nay la ‘



TH4=b-c

Toan hang TH4 da & dang co ban

nén ta co ngay cay biéu thirc ° G

Ciing tvong tw nhu vay doi voi
toan hang TH2, cay biéu thirc @ e
tuwong tng vGi toan hang nay la Hinh 4.13

Tong hop cay biéu thirc clia céc toan hang ta dwoc cay biéu thirc sau
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Hinh 4.14. Cay bi éu thiic
2. Béy gi0 ta duyét cay biéu thicc & hinh 4.14
Duyét theo tht tv truwéc:  +*a-bc/de
Duyét theo thi sau: abc-*de/+

3. CAY TONG QUAT

3.1. Biéu dién cay téng quat

Da&i voi cay téng quat cdp m nao dé co thé st dung cach biéu dién méc néi twong
tw nhu ddi vai cay nhi phan. Nhu vay (hng véi mdi nat ta phai danh ra m treong moi
nGi dé trd tdi cac con clia nit dé va nhu vay s6 moi ndi khong sé rét nhiéu: néu cay co

n ndt sé ¢6 téi n(m-1) + 1"mai ndi khdng" trong s6 m.n mai ndi.



Néu tuy theo s6 con cla tlrng nit ma dinh ra mdi ndi nghia la dung nat cé kich
thuwdc bién di thi s tiét kién khéng gian nhé nay s& phai tra gia bang nhitng phic tap
clia qua trinh xt ly trén cay.

Dé khac phuc cac nhugc diém trén [a dung céach biéu dién cay nhi phan dé biéu
dién cay téngquat.

Taco thé bién d6i mot cay bat ky thanh mot cay nhi phan theo qui tac sau

- Gi lai nat con trai nhat lam nGt con tréi

- Céc nt con con | ai chuyén thanh céc nit con phai

- Nhu vay, trong cay nhi phan méi, con trai thé hién quan hé cha con v a con phai
thé hién quan hé anh em trong cay téng quat ban dau. Khi dé cay nhi phan n ay duoc
goi la cay nhi phan tvong duong.

Ta co thé xem vi du dudi day dé thay ré qui trinh. Gia slr co cay tong quat nhu

SR

Hinh 4.15. Cay tong quat

hinh vé dudi day

Céay nhi phan tvong duong sé nhu sau
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Hinh 4.16. Cay nhi phéan twong duong



3.2. PHEP DUY ET CAY TONG QUAT

Phép duyét cay tong quat cling duwoc dat ra twong tw nhw doi vai cay nhi phan. Tuy

nhién c6 mot diéu can phai xem xét thém,khi dinh nghia phép duyét, do6 la:

1. Sy nhédt quan vé thi ty cac nit dwgc tham gilra phép duyét cay tong quat va

phép duyét cay nhi phan tuong duong ctia n6

2. Sr nhat quan gitta dinh nghia phép duyét cay tong quat voi dinh nghia phép
duyét cay nhi phan. Vi céy nhi phan cling cd thé coi la cay tong quét vata co thé ap

dung dinh nghta phép duyét cay tong quat cho cay nhi phan.
Taco thé xay dung duoc dinh nghia clia phép duyét cay tong quat T nh w sau:
Duyét theo the ty truwéce
1. Néu T rong thi khong lam gi
2. Néu T khéc rong thi
Thamg6ccla T
Duyét cac cay con thir nhat T, clia gbc cay T theo thi tu truwéce
Duyét cac cay con conlai Ty, Ts,...,T,, clia goc T theo thir tu treuwdc
Duyét theo thir tvy gitra
1. N&u T rong thi khong lam gi
2. Néu T khac rong thi
Duyeét céc cay con th¥ nhat T, clia goc cay T theo thi tv gitra
Tham gbc clla T
Duyét céac cay con con lai Ty, Ts,...,T,, clia goc T theo thi tu gilta
Duyét theo thi tv sau
1. Néu T rong thi khong lam gi
2. Néu T khac rong thi
Duyeét céac cay con thr nhat T, clia goc clia cay T theo thi ty sau

Duyét cac cay con conlai Ty, Ts,...,T,,clia goc T theo thi tv sau



Tham gbc cla T

Vidu voicay & hinh vé 4.17
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Hinh 4.17

Thi day tén cac nat dwoc tham sé la

Tht tw trewdc: ABCEHIFIDG
Thi tv gitra : BAHEICJFGD
Thi tv sau : BHIEJFCGDA

Bay gi0 ta dwng cdy nhi phan twong duong vaéi cay tong quat & hinh 4.17

®

Hinh 4.18. Cay nhi phan twong dwong
Day cac nit dugc tham khi duyét n6 theo phép duyét clia cay nhi phan:
Thi ty trewéce: ABCEHIFIDG
Thi ty gitra: BHIEJFCGDA

Tht tv sau: IHIFEGDCBA



Nhéan xét

Vi thir ty trewde phép duyét cay tong quat va phép duyét cdy nhi phan twong
duong clia nd déu cho mot d&y tén nhu nhau. Phép duyét cay tong quat theo thi t sau
cho déy tén gidong nhuv day tén cac nit duoc duyét theo thi tw gilta trong phép duyét
cay nhi phan. Con phép duyét cay tong quat theo thit tw gitta thi cho day tén khong
giéng bét ky ddy nao d6i vai cay nhi phan twong dwong. Do d6 doi véi cay tong quat,
néu dinh nghta phép duyét nhw trén nguoi ta thwong chi néu hai phép duyét theo thi tw
trvwdce va phép duyét theo thi tu sau
4. Tim kiém trén cay nhi phan

Céy nhi phan duwgc st dung vao nhiéu muc dich khac nhau. Tuy nhién viéc st
dung cay nhi phan dé lwu gilr va tim kiém thong tin van la mot trong nhitng ap dung
guan trong nhat cla cay nhi phan. Trong phan nay ching ta sé nghién ctru mot 16p cay
nhi phan dac biét phuc vu cho viéc tim kiém thong tin, dé la cay nhi phan tim kiém.

Trong thuc t€, mot 16p d6i twong nao d6 co thé dwge mo ta bai mot kiéu ban ghi,
cac trwdng cta ban ghi biéu dién cac thudc tinh ctia d6i t wong. Trong bai toan tim kiém
thong tin, ta thudng quan tam dén mot nhom cac thudc tinh nao dé cua doi twong ma
thudc tinh nay hoan toan xac dinh dwoc dbi twong. Chang ta goi cac thudc tinh nay la
khod Nhu vay, khoa 1a mot nhém cac thudc tinh ctia mét 16p dbi t wong sao cho hai déi
twong khac nhau can phai co gia tri khac nha u trén nhém thudc tinh do.

4.1. Binh nghia

Cay nhi phan tim kiém (cnptk) la céy nhi phan hoic rong hodc thoad man dong thoi
cac diéu kién sau:

- Khoa clia cac dinh thudc cay con trai nhé hon khoa nit géc

- Khoa ctia nat géc nhé hon khod cua cac dinh thudc cay con phai cliia goc

- Céy con tréi vacay con phai ctia goc cling la cay nhi phan tim kiém

Hinh 5.19 biéu dién mot cay nhi phan tim kiém, trong d6 khoa ctia cac dinh la céc

sO nguyén.



Hinh 5.19. M 6t cay nhi phan tim kiém
4.2. Cai dat cay nhi phan tim kiém

MOi nt trén cdy nhi phan tim kiém c6 dang

left info | right

Trong do truong Left :con trd chi téi cay con trai
Right :con tré chi t¢i cay con phai
Info : chira thong tin cta nut
Type
keytype =...; {ki€u dir liéu ctia moi nat}
Tree =" node;
Node = record
Info : keytype;
Left, Right : Tree;
end;
Var T : Tree;
4.3. Cac thao tac co ban trén cay nhi phan tim kiém
4.3.1. Tim kiém

Tim kiém trén cay la mot trong cac phép toan quan trong nhat ddi véi cay nhi
phan tim kiém . Ta xét bai toan sau



Bai toan: Gia st moi dinh trén cdy nhi phan tim kiém lamot ban ghi, bién con trd
Root chi t¢i gbc cla cay va x la khoa cho truwdc. Van dé dat ra 13, tim xem trén cay co

chtra dinh véi khoa x hay khong.

Giai thuat dé qui

Procedure search (Root : Tree; X : keytype; var p : tree);
{ Néu tim thdy thi p chi t6i n(t co trudng khoa bang x, ngoc lai p=nil}
Begin
p:=root;
if p<>nil then
If x < pMinfo then search (p".left, x, p)
else
if x> pinfo then search (p*.Right, X, p)
End;

Giai thuat Iap

Trong thi tuc nay, ta sé sir dung bién dia phwong found c6 kiéu boolean dé diéu
khién vong 1ap, n6 c6 gia tri ban dau lafalse. Néu tim kiém thanh cong thi found nhéan
giatri true, vong ldp két thiic va dong thoi p trdé dén nat co trudng khoa bang x. Con
néu khong tim théy thi giatri cta found van lafalse vagiatri ctia p lanil
Procedure search (Root : Tree; x:keytype; var p : Tree);

Var Found: boolean;
Begin
Found:=False;
P:=Root;
while (p<>nil) and( not Found ) do
if x> pinfo then p:=p*.right
else
if x<ptinfo then p:=p~.left

else Found = True;



End;
4.3.2. Bi qua CNPTK

Nhuv ta dabiét CNPTK cling la céy nhi phan nén cac phép duyét trén cay nhi phan
cling van dung trén CNPTK. Chi c6 luu y nho la khi duyét theo thi tw gilra thi dwoc
day khoa theo thi ty tang dan.

4.3.2. Chen mot nat vao CNPTK

Viéc thém mdt mot nat co trwong khoa bang x vao cdy phai dam bao diéu kién
rang budc ctia CNPTK. Ta c6 thé thém vao nhiéu chd khac nhau trén cay, nhung néu
thém vao mot nat 1a sé latién loi nhat do ta cé thé thuc hién qua trinh twong tv nhw

thao tac tim kiém. Khi két thic viéc tim kiém cling chinh 1aldc tim dwoc chd can cheén.

Giai thuat dé quy

Procedure Insert (var Root :Tree; x: kkeytype);
Var p:tree
Begin
New(p);{ Tao ra nut méi}
Prinfo = x;
if root=nil then
begin
Root :=p;
P left:= nil;
P right:= nil;
End
Else
with Root* do
if x> info then insert (Right, x)

elseif x <info theninsert (left, X);



End;

Giai thuéat 1ap

Trong thi tuc nay tasir dung bién con tré dia phuong g chay trén cac dinh cla cay
bat d4u tir gbc. Khi dua ng & mot dinh nao do, g sé xudng dinh con trai (phai) tuy theo

khoa & dinh 16n hon (nhé hon) khod x.

O tai mdt dinh nao dé khi p mudn xuéng dinh con trai (phai) thi phai kiém tra xem
dinh nay c6 dinh con trai (phai) khong. Néu c6 thi tiép tuc xubng, nguoc lai thi treo
dinh mai vao bén tréi (phai) dinh do6. Biéu kién g = nil sé két thic v ong 1ap. Qua trinh

nay dugc lai Iap khi c6 dinh méi duoc chén vao.

procedure Insert (var Root : Tree; X: keytype)
var p,q: tree
begin
New(p);
Prinfo :=x;
if Root = nil then
Begin
Root:=p;
P left:= nil;
PA.right:= nil;
End
Else
Begin
g:=Root;
while g <> nil do
if x < g\info then
if gtleft <> nil then q:=q".left
else begin
qr.left :=p;
p :=nil;
end
else if x> qgtinfo then
if g*.right <> nil then g:=q".right
else begin
qgr.right =p;
g =nil;
end;



end;
end;
Nhan xét:
Pé dung dugc CNPTK (ng véi mot ddy khoa dua vao bang cach lién tuc b6 cac
nit (ng voi tirng khod, bét dau tir cay rong. Ban dau phai dung | én cdy véi nat géc 1a

khod dau tién sau dé doi vai cac khoa tiép theo, tim trén cay khong cé thi bo sung vao.

Viduvéidaykhoa 42 23 74 11 65 58 94 36 99 87 thi
cay nhi phan tim kiém dwng duoc sé cé dang & hinh 4.20

(74)
5
& &
Hinh 4.20. M 6t cay nhi phan tim kiém

4.3.4. Loai bo nat trén cay nhi phan tim kiém

Dai lap voi phép toan chen vao la phép toan loai bd. Ching ta can phai loai bo
khoi CNPTK mot dinh c6 khoa x (ta goi tat | & ndt x) cho truwdce, sao cho viéc huy mot

nat ra khoi cay cling phai bao dam diéu kién r ang budc clia CNPTK.
C6 batrwong hop khi huy mot nit x cé thé xay ra:
- X lanatla
- X lanut ntra 1a ( chi c6 mét con trai hodc con phai)
- X ¢6 du hai con (trvong hop tong quat)

Trwong hop thié nhat: chi don gian huy nat x vi né khong lién quan dén phan ti

)

nao khac.

T

Cay trudc khi xo6a Céy sau khi xo&
Hinh 4.21



Trudng hop thi hai: Triewdc khi xoa ndt x can méc ndi cha cla x véi nat con (nit

con tréi hodc nat con phai) ctia n6

)
(1) © &

DA 5

Ty

©

Ty

a. Cay trudc khi x6a b. Cay sau khi xoa dinh (25)

Hinh 4.22
Trwong hop tong quot: khi ndt bi loai bd cé ca cay con trai vacay con phai, thi nit thay
thé né hoac la ndt (ng véi khoa nhd hon ngay sat trwvéc nd (nat cwe phai clia cay con
trd n6) hoac nut (ng véi khoa 16n hon ngay sat sau né (nut cuc trai cla cay con phai
nd).nhwvay ta sé phai thay doi mot so moi néi & cac nit:
- NUt chacla nut bi loai bé

- Nt duoc chon lam ndt thay thé

- NUt cha ctia nat dugc chon lam ndt thay thé

(20) (18)
(10) (=) (10) ()
D A A A

1. Cay truwdc khi xoa dinh 20 2. Cay sau khi xoa dinh 20

Hinh 4.23



Trong vi du nay ta chon nit thay thé nat bi xoa la ndt cuc phai cla cay con trai
(nat 18).

Sau day la gidi thuat thwc hién viéc loai b mot nat tré béi Q. Ban dau Q chinh | a
ndi trai hodac ndi phai clia mot nut R tr én cdy nhi phan tim kiém, mata gia st da biét

roi.

1. Cay truuwdc khi xoa nut tré bai Q 2. Cay sau khi xoantt tré béi Q
Hinh 4.24

procedure Del (var Q: Tree); {xoandt tr 6 bdi Q}
var T, S: Tree;

begin

P:=Q; {Xwlytrwong hgp nut 1a vanuat ntra 18}

if P"left=nil then

Begin
Q:=P'right ;{R".left := P .right}
Dispose(P);
end
else

if P right=nil then



begin
Q =P’ |eft;
Dispore (P);
end
else { X ly trvong hop tong quat}
begin
T =P left;
if T .right =nil then
begin
T .right := P .right;
Q:=T,
Dispose (P);
end
else
begin
S:= T .right; { Tim n(t thay thé, landt cuc phai cla cay }
while S.right <> nil do

begin

T:=S

S:=T right;
end;

S right := P".right;
T .right := S’ .left;

S'left := P left;
Q:=§,
Dispose(p);

end,

end;



end;
Thi tuc xoé trudng dir liéu bang X
- Tim dén nat co trudng di liéu bang X
- &p dung thi tuc Del dé xoa
Sau day ching ta sé viét tha tuc loai khoi cay géc Root dinh c6 khoa x cho tr wéc.
D0 la thd tuc dé qui, nd tim ra dinh cé khoa x, sau dé ap dung thi tuc Del dé loai dinh
do ra khoi cay.
procedure Delete (var Root :Tree; X : keytype);
begin
if Root <> nil then
if x < Root".info then Delete (Root".left, X)
elseif x > Root”.info then Delete (Root .right, X)
else Del(Root);
end;
Nhan xét
Viéc huy toan bd cay cé thé thic hién thong qua thao tac duyét cay theo thir sau.
Nghia lata sé huy cay con trai, cay con phai roéi méi huy nat goc.
procedure RemoveTree (var Root: Tree);
begin
if Root <> nil then
begin
RemoveTree(Root .l ft);
RemoveTree(Root .right);
Dispose (Root);
end;

end:



4.4. Thoi gian thyc hién cac phép toan trén CNPTK

Trong muc nay ta sé danh gia thoi gian dé thuc hién cac phép toan tr én CNPTK.
Taco nhan xét rang, thoi gian thuc cac phép tim kiém 1a sd phép so sanh gié tri khoa x
cho trudc voi khod clia cac dinh ndm trén dudng di tir goc t6i dinh nao do trén cay. Do
d6 thoi gian thue hién cac phép tim kiém, bo sung valoai bo la do dai dwong di tlr gbc
t¢i mot dinh nao do trén cay.

Vi gidi thuat tim kiém néu trén, ta thdy dang cay nhi phan tim kiém dung duwoc
hoan toan phu thudc vao dady khoa dua vao. Nhu vay nghia la trong qua trinh xt ly
dong ta khong thé biét truedc duoc cay sé phat trién ra sao, hinh dang clia nd sé nhw thé
nao.

Trong treong hop né la mét cay nhi phan hoan chinh (ta goi la can déi ngay ca
khi n6 cha day du) thi chidu cao clia n6 1al log,(n + 1) |, nén chi phi tim kiém c6 cap do

la O(logzn).

Trong trwvong hop né la mdt cay nhi phan suy bién thanh mot danh sdch moc ndi
(khi mamoi nat chi c6 mdt con trir nit 18). Lac d6 céac thao tac trén cay sé co do phirc
tap 1a O(n).

Nguoita chiing minh dwoc rang sé lrgng trung binh cac phep so sanh trong tim
ki€m trén cay nhi phan tim kiém la
Cw ~ 1,386 log,n

Do d6 cap do Ion cla thoi gian thuc hién trung binh cac phép toan ciing chi la
O(logzn).

5. Cay can bang (avl tree)

Gia sl ta co mot tap hop dir liéu nao d6. Van dé dat ra 13, ta phai t6 chirc cac dir
liéu dé nhu thé nao sao cho viéc cap nhét thong tin (tim kiém, bd sung valoai bd) dat
hiéu qua nhat. V¢i cac kiéu dir liéu nay ngudita c6 to chirc trén cdy nhi phan tim kiém.
Khi d6 thoi gian trung binh thuc hién cac phép toan Ia O(log,n). Trong nhiéu ap dung

chiing ta can thudng

xuyén thyc hién cac phép toan bo sung valoai bd khdi CNPTK. Diéu nay cé thé

dan dén truong hop cay suy bién thanh danh séch méc néi. B6i voi nhitng cay nay,



viéc thuc hién cac phép toan kém hiéu qua do chi phi thoi gian thuc hién | a O(n). Dé
khac phuc nhoc diém nay taté chirc dir liéu trén mot 16p cay dic biét sao cho thoi gian
thyc hién cac phép toan ludn la O(logyn).
5.1. Cay can bang hoan toan (CCBHT)

Dinh nghfa: Cay c¢n bang ho an toan |a cdynhi phan tim kiém matai méi nat cla
no, s6 nudt clia cdy con trai va cdy con phai khdng chénh léch nhau gua mot.

Mot cay rat kho dat dugc trang thai can bang hoan toan va ciing rat dé mat can
bang vi khi thém hay huy cac ndt trén cdy c6 thé lam mat can bang (xac suét rat l6n),
chi phi can bang lai cay larét 16n vi phai thao tac trén toan bo cay.

Tuy nhién néu cay can doi thi viéc tim kiém sé rat nhanh. B&i véi CCBHT, trong
trvong hgp xau nhét ta cling chi phai tim qualog,n phan t& (n 1asb nat trén cay)

Sau day la vi du vé mot CCBHT

Hinh 4.25. Cay can bang hoan toan
CCBHT c6 n nt, c6 chiéu cao h = log,n. Bay chinh la Iy do cho phép dam bao
kha nang tim kiém nhanh trén cau tric di¥ liéu nay.

Do CCBHT lamét cdu tric kém 0n dinh nén trong thuc té khéng thé st dung. Nh-
wng uw diém cla nd lai rdt quan trong. Vi vay, can dua ra mot cau tric dir liéu khac cé
ddc tinh giobng CCBHT nhung 6n dinh hon.

Nhu vay, can tim céch t6 chirc mot cay dat trang thai can bang yéu h on va viéc
can bang lai chi xay ra & pham vi cuc bd nhung van dam bao chi phi cho thao tac tim
ki€ém dat & mic O(log,n).

5.2. Cay can bang
Nam 1962, P.M. ADELSON - VELSKI vaE.LANDIS damé dau phuong huéng

giai quyét ndy bang cach dwa ra dang cay can déi méi ma sau ndy mang tén ctia ho, do



lacay nhi phan can d6i AVL. Tir nay veé sau, ching ta sé d ung thuat ngir cdy AVL thay
cho céy can bang.

T khi dwoc gidi thiéu, cdy AVL da nhanh chong tim thay (rng dung trong nhiéu
bai toan khac nhau. Vi vay, nd mau chéng tré nén thinh hanh va thu hat nhiéu nghién
clu. Tl cdy AVL, nguoi ta da phét trién thém nhiéu loai cau tric dir liéu hiru dung

khac nhu cay dé - den, B - Tree,...
5.2.1. Binh nghia

Cay AVL lacay nhi phan tim kiém matai moi nat ctia nd do cao clia cay con trai

vacua cay con phai chénh Iéch nhau khéng qda mot.

Duwdi day lavi du cay can bang

Hinh 4.26. Cay A VL

Dé dang thdy CCBHT la cdy can bang. Diéu nay nguoc lai khdng dang. Tuy
nhién cy AVL lacau tric di liéu 6n dinh hon hdn CCBHT.

5.2.2. Chiéu cao clia cay AVL

Mot van dé quan trong,nhuda dé cap dén & phan trudc, 1a ta phai khang dinh cay

AVL nnat phai co6 chiéu cao khoang log.n.

Dé danh gia chinh xac vé chiéu cao clia cdy AVL, ta xét b a toan: cdy AVL c¢o

chiéu cao h sé c6 toi thiéu bao nhiéu nat ?
Goi N(h) s6 nut tdi thiéu clia cdy AVL c6 chiéu cao h.
TacoN(0) = 0, N(1) = vaN(2) = 2.

Cay AVL t0i thiéu c6 chiéu cao h sé& c6 cay con AVL toi thiéu chiéu cao h-1 va

cay con AVL t0i thi€u chiéu cao h-2. Nhu vay:



N(h)=1+N(h-1) +N(h-2) 1)
Talai cd: N(h - 1) >N(h-2)
Nén tlr (1) suy ra
N(h) > 2N(h - 2)
N(h) > 22 N(h - 4)

N(h) > 2' N(h - 2i)
— N(h) > 2h/2-1
= h < 2logy(N(h)) + 2

Nhu vay, cady AVL c6 chiéu cao O(logn).
Vi du: cdy AVL tdi thiéu cé chiéu cao h = 4

Hinh 4.27. Cay AVL t i thiéu

5.2.3. Chi s6 can bang ctia mot nat

Dinh nghfa: chi s6 can bang clia mot nut 1& hiéu cla chiéu cao cay con phai va
cay con tra cua no.

D3&i v6i cay AVL chi s6 can bang ctia moi nit ¢6 thé nhan mot trong ba gia tri sau
day:

00: d6 cao cy con trai bang do cao cy con phai

01: céy con phai c6 dé cao I6n hon do cao cay con trai a1 (Iech phai)

10: céy con trai c6 d6 cao I¢n hon d cao cay con phai a1 (1éch tréi)

5.2.4. Biéu dién cay AVL



Pé khéo sat cay can bang, ta can luu thém thong tin vé chi s6 can bang tai moi
nut. Khi d6 cay can bang duoc khai bao nhu sau:
Type
keytype=...;
Tree =" Node;
Node = Record
info : keytype,
left, right : Tree;
bal : (LH, EH, RH);
end;
var Root: Tree;

Trong khai béo trén ta b6 sung thém truong bal (balance: can bang), EH (Equal
Hight: hai cdy con cao bang nhau) tng voi gia tri 00, RH (Right Hight: cao b én phai)
(rng V@i gia tri 01, LH (Left Hight: cao b én tra) ing voi gié tri 10.

Sau day ching ta s& xét cac phép toan bé sung valoai bd trén cly can bang
5.2.5. B0 sung trén cay AVL

Khi b6 sung nt méi vai khoa x cho truéce dugc thue hién bang cach sau:

- &p dung thuat toan bo sung vao cdy nhi phan tim kiém

- Can bang lai cac dinh matai dé tinh can bang bi pha v (d6 cao cuia hai cay con
khac nhau 2).

Xét cac trrong hop sau

Trwong hop 1: Cay léch trai (léch phai ) sau khi b0 sung v ao cay con phai (trai)
cay can bang.

Trudng hop 2: Hai cay con c6 do cao bang nhau sau khi b6 sung thi cay Iéch trai
hoac I&ch phai.

Truong hop 3: Cay con trdi (phai) cao hon cay con phai (trai)1, sau khi bo sung

vao cay con trai (phai) thi hai cdy nay c6 dd cao chénh nhau la 2. Nhv vay, tinh cén

bang bi pha v.



Da6i voi cac treong hop TH1 va TH2 khi b6 sung nt méi thi tinh can bang khong
bi pha v& nén ta chi can chinh lai cac hé s6 can bang & nat d wa ng xét va & cac nut tién
bdi clia no.

Dai voi truong hop TH3 ta phai stra lai cdy con ma ta dwa ng xét la nat goc (ta sé
goi lanut bat thwong).

Qui uudc:
chi nat bét thwdng tng voi khoa bang 2
< chi nGt mai bo sung
a(h) chicay con o cé chiéucao h

- Truong hop 3.1: NGt bd sung lam tang chiéu cao cay con trai clia nit con trai nit

bét thuong @
G __--/F G A
h+1 h+2
=Y S
a) Truwdce khi bo sung b) Sau khi b0 sung cdy mat can
doi
Hinh 4.28

DaGi véi treong hop nay dé tai can déi ta phai thuc hién phép quay tlr tra i sang phai
dé dua nat (1) Ién vi tri goc cay con, nat (2) sé tré thanh con phai cla né va p dugc
gén vao thanh con tréi cla (2). Nguoi ta goi phép quay nay la phép quay don (single

rotation) hay ta con goi la phép quay phai.



h+2

()
L) ()
© & ©

b) B6 sung thém nit (10)  c) Trai can ddi bang phép
quay don

Vidu: Cho CNPTK sau

()
€ ®
L ®

a) Cay ban dau

Hinh 4.30
- Trwong hop 3.2: NGt méi bd sung lam tang chiéu cao cdy con phai clia nit con

trél n(t bat thuong.

h+2
h+1

a) Trudc khi bo sung b) Sau khi b0 sung cay mat can doi
Hinh 4.31




Dai voi treong hop nay dé tai can doi ta str dung phép quay kép (double rotation),
do la viéc phdi hop hai phép quay don: quay trai déi voi cay con trai ((1), (2)) vaquay
phai doi vé6i cay ((3), (2))nhu hinh 5.32

N’

()
@ @)
 —
)
(h)

a) Sau phép quay don b) Sau phép quay don thi
thr nhat quay trai hai quay phai

Hinh 4.32

Vi du: cho caynhwhinh vé

a)B6 sung thém nut (30) b)Sau phép don thr nhat c)Sau phép quay don
thv hai

Hinh 4.33
Nhan xét:
Sau khi thic hién phép quay dé tai can doi cdy con manut gbc la nit bat thwong
khong lam anh hudng dén chiu cao clia cac cay con do van gilr nguy én nhu tredc luc
b6 sung, nghta la phép quay khong lam anh huwang tdi chiéu cao cac cay c6 lién quan

toi cay con nay.



Trong quatrinh thuc hién cac phép quay, tinh chat cta cay nhi phan t im kiém ludn
lubn duoc dam bao.

DaGi vai cac truong hop khi bd sung thém nit maéi lam téang chiéu cao cay con phai
clia nit con phai vanat méi bd sung lam chiéu cao cay con trai ctia nat con phai nit bat
thuong, thi talan lwot thye hién theo thi tv ngwoc lai twong (ng véi trwong hop TH3.1

vaTH3. 2.

Vi du sau day minh hoa cu thé va céc phép xt ly tuong (ing

a) Cay ban dau b) BO sung thém nt (1): mat c) Tai can déi bang
can doi trong hop TH3.1 phép quay don
d) B0 sung thém n0t (3): e) Tai can d6i bang phép quay kép  f) Sau phép quay

mat can doi trvong hop TH3.1  Sau phép don thi nhat don thi hai



;\@

g) B6 sung thém nlt (6): h) Sau phép quay don i) Sau phép quay don
mat can doi trong hgp TH3.2  thv nhat (quay phai) thtr hai (quay tréi)
Hinh 4.34

5.2.6. Huy mét nut trén cay AVL

Ciling gidng nhu thao tac thém mot nat, viéc huy nut x ra khéi cady AVL thuc hién
gidng nhu trén CNPTK. Chi sau khi huy, néu tinh can bang bi pha v& thi ta & thuc

hién viéc can bang lai.

Tuy nhién viéc can bang lai trong thao tac huy sé phirc tap h on nhiéu so vai viéc

can bang khi thém mat nat do co thé xay ra phan tng day chuyén.
Nhan xét

- Thao tac thém mot nat cé do phirc tap O(1)

- Thao tac huy mot nut c6 do phirc tap O(h)

- Vi cy can bang trung binh hai 1an thém vao cy thi can mot 1an can bang lai; 5
|an huy thi cdn mot 1an can bang lai.

- Viéc huy mét nat c6 thé phai can bang day chuyén cac nut tir géc cho dén phan
tl bi huy trong khi thém vao chi can mt Ian can bang cuc bd

- D0 dai duong tim kiém trung binh trong cdy can bang gan bang ciy can bang
hoan toan, nhung viéc can bang lai don gian hon nhiéu

- M6t cay can bang khéng bao gio cao hon 45% cay can bang hoan toan twong

(rng du sb nat trén cay la bao nhiéu.



